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Scott (1978) [12] showed Seifert 3-manifold groups are subgroup
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(2005) [2] it was shown that all but two types of groups in the
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topological results showed that Seifert groups are conjugacy sep-
arable. Here we use algebraic method to show that Seifert groups
over non-orientable surfaces are conjugacy separable.
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1. Introduction
Let S be a subset of a group G . Then G is said to be S-separable if, for each x ∈ G\S , there exists
a normal subgroup Nx of ﬁnite index in G such that x /∈ NxS . Equivalently S is a closed subset of G
in the proﬁnite topology of G . If S = {1}, then G is residually ﬁnite (RF ). If for each x ∈ G , G is
{x}G -separable, where {x}G is the conjugacy class of x in G , then G is said to be conjugacy separable.
Residual and separability properties are of interest to both group theorists and topologists. They are
related to the solvability of the word problem, conjugacy problem and generalized word problem
(Mal’cev [6] and Mostowski [8]). Topologically they are related to problems on the embeddability of
equivariant subspaces in their regular covering spaces (Scott [12], Niblo [9]).
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subgroup separable. Niblo [9] improved the result by showing that they are double coset separable. It
was then natural to ask if Seifert 3-manifold groups are conjugacy separable. For Seifert 3-manifolds
with non-trivial boundary, a positive conclusion follows immediately form work of Ribes, Segal and
Zalesskii [11]. In the case of closed Seifert 3-manifolds, the fact that almost all Seifert 3-manifold
groups with orientable surfaces (brieﬂy, Seifert groups over orientable surfaces) are conjugacy sep-
arable was shown in [2]. In this paper we complete the picture by showing all Seifert groups over
non-orientable surfaces are also conjugacy separable. Sometime after the submission of this paper
we found that Martino [7] independently proved that all Seifert groups are conjugacy separable. His
proof based on some deep topological results. Our proof is quite different. It is more elementary and
algebraic, in fact, combinatorial.
In Section 2 we summarize the known results needed for this paper. In Section 3 we show that
the groups G2(2,0) (see Section 2) and some of G2(1,2) are polycyclic. In Section 4 we express
G2(s, r) = G as a generalized free product G = A ∗W B where W = 〈h〉 × 〈k〉. We prove the technical
result (Lemma 4.7) that if G is of type (I) and x ∈ G is of length > 1 then x is not conjugate to xkβhα
for β = 0 and there exist ﬁnite images A and B of A and B respectively such that, in G = A ∗W B , x is
not conjugate to xkβhα by elements of W . Finally, in Section 5, we conclude that all Seifert groups
over non-orientable surfaces are conjugacy separable.
2. Terms and notations
Throughout this paper we use standard terms and notations.
For any group G:
If x ∈ G , {x}G denotes the set of all conjugates of x in G .
x ∼G y means x, y are conjugate in G .
We use Z(G) to denote the center of G .
N  f G means N is a normal subgroup of ﬁnite index in G .
If x ∈ G = A ∗H B , the generalized free product of A and B amalgamating H , then ‖x‖ denotes the
free product length of x in G .
We use RF to denote the class of residually ﬁnite groups. By abuse of notation, we also use RF
to mean residually ﬁnite.
Let S be a subset of a group G . Then G is said to be S-separable if for every x ∈ G\S , there exists
N  f G such that g /∈ NS . Equivalently, S is a closed subset in the proﬁnite topology on G .
Let x, y ∈ G such that x G y. If there exists N  f G such that, in G = G/N , x G y then x, y are
said to be conjugacy distinguishable in G . If each pair of nonconjugate elements x, y ∈ G are conjugacy
distinguishable then G is said to be conjugacy separable.
The following results will be used extensively in this paper:
Theorem 2.1. (See [5, Theorem 4.6].) Let G = A ∗H B and let x ∈ G be of minimal length in its conjugacy class.
Suppose that y ∈ G is cyclically reduced, and that x ∼G y.
(1) If ‖x‖ = 0, then ‖y‖ 1 and, if y ∈ A, then there is a sequence h1,h2, . . . ,hr of elements in H such that
y ∼A h1 ∼B h2 ∼A · · · ∼A(B) hr = x.
(2) If ‖x‖ = 1, then ‖y‖ = 1 and, either x, y ∈ A and x ∼A y, or x, y ∈ B and x ∼B y.
(3) If ‖x‖ 2, then ‖x‖ = ‖y‖ and y ∼H x∗ where x∗ is a cyclic permutation of x.
Theorem 2.2. (See [9].) Seifert 3-manifold groups are double coset separable.
Theorem 2.3. (See [4, Theorem 3.1].) Let G1 , G2 be conjugacy separable and let G1 , G2 be ﬁnite extensions
of the residually ﬁnitely generated torsion-free nilpotent groups B1 , B2 , respectively. If B1 , B2 are conjugacy
separable, then G = G1 ∗〈h〉 G2 is conjugacy separable.
In particular, if x, y ∈ G are cyclically reduced of length 2n such that x 〈h〉 y, then there exist M  f G1
and L  f G2 such that M ∩ 〈h〉 = L ∩ 〈h〉 and, in G = G1/M ∗〈h〉 G2/L, ‖x‖ = 2n = ‖y‖, and x 〈h〉 y.
R.B.J.T. Allenby et al. / Journal of Algebra 323 (2010) 1–9 3Let M be a Seifert ﬁbered space. Its fundamental group π1(M) has one of the following three
possible presentations, where αi = 1 and αi , βi are coprime integers and γ is an integer (see [1]
or [10]).
(1) M is closed with orientable Seifert surface,
G1(s, r) =
〈
a1,b1, . . . ,as,bs,q1, . . . ,qr,h:
ha j = h±1, hb j = h±1, hqi = h, qαii = hβi ,
(
r∏
i=1
qi
)(
s∏
j=1
[a j,b j]
)
= hγ
〉
.
(2) M is closed with non-orientable Seifert surface,
G2(s, r) =
〈
c1, c2, . . . , cs,q1, . . . ,qr,h: h
c j = h±1, hqi = h, qαii = hβi ,
(
r∏
i=1
qi
)(
s∏
j=1
c2j
)
= hγ
〉
.
(3) M has nonempty boundary,
G3(s, r) =
〈
x1, x2, . . . , xs,q1, . . . ,qr,h: h
x j = h±1, hqi = h, qαii = hβi
〉
.
The group G3(s, r) is a generalized free product of polycyclic subgroups 〈xi,h〉 and 〈q j,h〉 amal-
gamating a cycle 〈h〉. Hence it is conjugacy separable by [11]. In [2], it was shown that the group
G1(s, r) is conjugacy separable except possibly G1(0,3) and G1(1,1) using the following criterion.
Deﬁnition 2.4. Let G be a group with subgroup W . G is W-conjugacy separable if, for each x ∈ G such
that {x}G ∩ W = ∅, there exists N  f G such that {x}G ∩ W = ∅, where G = G/N .
Theorem 2.5. (See [2, Theorem 3.2].) Let A and B be conjugacy separable. Let G = A ∗W B, where W =
〈h〉 × 〈k〉 and 〈h〉 is normal in both A and B. Suppose:
C1. For each L1  f A and M1  f B, there exist L  f A and M  f B such that L ∩ W = M ∩ W , L ⊂ L1 and
M ⊂ M1 .
C2. For each pair w1,w2 ∈ W such that w1 G w2 , there exist L f A and M f B such that L∩W = M∩W
and, in G = A ∗W B, w1 G w2 , where A = A/L and B = B/M.
C3. A and B are W -conjugacy separable.
C4. G is W xW -separable for each x ∈ G.
C5. For each cyclically reduced x ∈ G with ‖x‖ > 1, if xkβhα W x then there exist L  f A and M  f B such
that L ∩ W = M ∩ W , in G = A ∗W B, ‖x‖ = ‖x‖ and xkβhα W x, where A = A/L and B = B/M.
Then G is conjugacy separable.
In this paper we use Theorem 2.5 to show that the group G2(s, r) is conjugacy separable. We
consider the following three cases:
(I) s 3, or s = 2 and r  1, or s = 1 and r  3, or s = 1, r = 2 and either α1 = 2 or α2 = 2.
(II) s = 1, r = 2 and α1 = 2 = α2.
(III) s = 2 and r = 0.
In each case, we interpret G2(s, r) as a suitable generalized free product A ∗W B and apply Theo-
rem 2.5. The main diﬃculties in applying Theorem 2.5 lie in checking conditions C2 and C5 apply in
each case. This checking takes up most of the paper. We shall use the following:
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M ∩ 〈k〉 = 〈ks〉, M ∩ 〈h〉 = 〈ht〉, X ∩ 〈k〉 = 〈kzs〉 and X ∩ 〈h〉 = 〈h〉. Then M ∩ X ∩ 〈k,h〉 = 〈kzs〉 × 〈ht〉.
3. The groups G2(2,0) and G2(1,2) with α1 = 2= α2
We begin with the easier cases. We ﬁrst consider the group G = G2(2,0). Clearly G can be pre-
sented as one of the following:
P = 〈c1,h: c−11 hc1 = h〉 ∗W 〈c2,h: c−12 hc2 = h±1〉, or
Q = 〈c1,h: c−11 hc1 = h−1〉 ∗W 〈c2,h: c−12 hc2 = h−1〉,
where W = 〈k〉 × 〈h〉 and k = c−22 = h−γ c21. For convenience, we let A = 〈c1,h〉 and B = 〈c2,h〉. Since
c21 ∈ Z(A), W is a normal subgroup of index 2 in A. Also, since k = c−22 ∈ Z(B), W is a normal
subgroup of index 2 in B . Hence W is a normal subgroup of G and G/W = Z2∗Z2 which is polycyclic.
It follows that G is polycyclic.
Now consider the group G2(1,2) with α1 = 2 = α2. In this case we let G2(1,2) = A ∗W B , where
A = 〈c,h: c−1hc = h±1〉, B = 〈q1,q2,h: hqi = h,q2i = hβi 〉,
W = 〈k〉 × 〈h〉 and k = c−2 = h−γ q1q2.
As before W is a normal subgroup of index 2 in A. Since h ∈ Z(B) and q2i = hβi ∈ Z(B), we have
q−11 kq1 = q1kq−11 = q−12 kq2 = q2kq−12 = k−1h−2γ+β1+β2 . It follows that
{
hμkλ
}B = {hμkλ,h(−2γ+β1+β2)λ+μk−λ}.
Thus W is a normal subgroup of B and B/W ∼= Z2. Hence W is a normal subgroup of G and G/W =
Z2 ∗ Z2 which is polycyclic. It follows that G is polycyclic. Since polycyclic groups are conjugacy
separable [3], we have the following.
Theorem 3.1. The groups G2(2,0) and G2(1,2) with α1 = 2 = α2 are conjugacy separable.
4. General cases
In this section we shall consider the group G = G2(s, r) of the type (I). In this case, we let cs = c.
Then G = A ∗W B , where
A = 〈c,h: c−1hc = h±1〉,
B = 〈c1, c2, . . . , cs−1,q1, . . . ,qr,h: hc j = h±1, hqi = h, qαii = hβi 〉, and
W = 〈h〉× 〈k〉, where k = c−2 = h−γ q1 · · ·qrc21 · · · c2s−1. Note that B can be considered as a generalized
free product of polycyclic groups 〈qi,h〉 and 〈c j,h〉 amalgamating the cycle 〈h〉. Hence B is conjugacy
separable [11] and ‖k‖  2 in B . Also, B˜ = B/〈hl〉 is a generalized free product of subgroups 〈q˜i, h˜〉
and 〈c˜ j, h˜〉 amalgamating a ﬁnite cycle 〈h˜〉 and ‖k˜‖  2 in B˜ . Moreover, B = B/〈h〉 is a free product
of cycles 〈qi〉 and 〈c j〉. Hence B˜ and B are also conjugacy separable by [11]. Further B  Z2 ∗ Z2 and
〈k〉 is a maximal cycle in B . (Note that if G is of type (II) then B ∼= Z2 ∗ Z2 and Remark 4.1(3) below
does not hold. If G is of type (III) then ‖k‖ = 1 and 〈k〉 is not a maximal cycle in B .) Throughout this
section, we consider the group G = G2(s, r) of the type (I). The following is easy to check:
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(2) For each a ∈ A, a = cεw , where ε = 0,1 and w ∈ W . Thus, if kλhμ ∼A kλ1hμ1 , then λ = λ1 and
μ = ±μ1.
(3) In B = B/〈h〉, if kλ ∼B kλ1 , then λ = λ1.
(4) If kλhμ ∼G kλ1hμ1 , then λ = λ1.
Since B = B/〈h〉 is a free product of cycles, B is a ﬁnite extension of a free normal subgroup F ,
say. Let F ∩ 〈k〉 = 〈kT 〉 for some positive integer T . Then we have the following lemma which is the
same as Lemma 4.11 in [2].
Lemma 4.2. (See [2, Lemma 4.11].) Let T be as above and let i,n > 0 be given integers. Then there exists an
integer R > 0 such that, for any integer ε > 0, there exists M  f B such that
(1) M ∩ 〈k〉 = 〈kεinT R〉 and M ∩ 〈h〉 = 〈h〉; and
(2) if, in B/M, MkinT ∼B/M Mk jnT for an integer j, then MkinT = Mk jnT .
Lemma 4.3. Let n > 0 be a given integer. For any integer l > 0, there exists M  f B such that
(1) M ∩ 〈h〉 = 〈hl〉; and
(2) in B/M, if Mknhα ∼B/M Mknhβ for integers α, β , then Mhα = Mhβ .
Proof. Let B = B/〈hl〉. As we mentioned in the beginning of this section, B is conjugacy separable
and ‖k‖ 2 in B .
We shall show that knhα B k
nhβ for any hα = hβ . If knhα ∼B knhβ then, by Theorem 2.1, knhβ ∼〈h〉
(knhα)∗ , where (knhα)∗ is a cyclic permutation of knhα in B . Hence knhβ = (knhα)∗ . This implies
knhβ = knhα . Thus hβ = hα .
Since B is conjugacy separable and |h| is ﬁnite, there exists M  f B such that M ∩ 〈h〉 = 1 and
Mknhi B/M Mk
nh j for all 0 i = j  l. Let M be the preimage of M in B . Then M ∩ 〈h〉 = 〈hl〉 and, in
B/M , if Mknhα ∼B/M Mknhβ for an integer α, β , then Mhα = Mhβ . 
Lemma 4.4. For w1,w2 ∈ W such that w1 G w2 , there exist L f A and M f B such that L∩W = M∩W
and, in G = A ∗W B, w1 G w2 , where A = A/L and B = B/M.
Proof. If w1 = 1, then w2 = 1. Since G is RF by Theorem 2.2, we can ﬁnd N f G such that w2 /∈ N .
Let L = N ∩ A and M = N ∩ B . Then L ∩ W = M ∩ W and, in G = A ∗W B , w1 = 1 G w2, where
A = A/L and B = B/M . Hence we may assume w1 = 1 = w2.
Let w1 = kihα and w2 = k jhβ .
Case 1. Suppose i = j. Let G˜ = G/〈h〉. Then G˜ = A˜ ∗W˜ B˜ , where A˜ = A/〈h〉, B˜ = B/〈h〉, and W˜ = 〈k˜〉.
Note that k˜i G˜ k˜
j for i = j. For, if k˜i ∼G˜ k˜ j then, without loss of generality, the conjugating element
of k˜i begins and ends with elements in B˜ ( A˜ is abelian). Therefore k˜i ∼B˜ k˜ε1 ∼ A˜ k˜ε2 ∼B˜ · · · ∼ A˜ k˜εl ∼B˜ k˜ j
for some εi . Since A˜ is cyclic, k˜εi ∼ A˜ k˜εi+1 implies k˜εi = k˜εi+1 . Hence k˜i ∼B˜ k˜ j . Then, by Remark 4.1(3),
i = j. Thus w˜1 = k˜i G˜ k˜ j = w˜2. Since G˜ is conjugacy separable [4], we can ﬁnd N˜  f G˜ such that
N˜ w˜1 G˜/N˜ N˜ w˜2. Let N be the preimage of N˜ in G . Let L = N∩ A and M = N∩ B . Then L∩W = M∩W
and, in G = A ∗W B , w1 G w2, where A = A/L and B = B/M .
Case 2. Suppose i = j. Hence w1 = kihα and w2 = kihβ .
(1) i = 0. Since w1 = 1 = w2, we may assume α = 0 = β . Then w1 = hα G hβ = w2. Hence
hα A hβ and hα B hβ . Clearly α = β .
(i) Suppose β = −α. WLOG, let 0 = |β| < α. By Theorem 2.2, G is 〈hα〉-separable. This implies that
G˜ = G/〈hα〉 is RF . Hence there exists N˜  f G˜ such that 〈h˜〉 ∩ N˜ = 1. Let N be the preimage of N˜
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Then w1 = hα = 1 and w2 = hβ = 1. Hence w1 G w2.
(ii) Suppose β = −α. Since w1 = hα G h−α = w2, hci = h for all i. In particular, A is abelian.
Since B is conjugacy separable, there exists M  f B such that Mhα B/M Mh−α . Let L = M ∩ W .
Then L  f A (by the structure of A) and L ∩ W = M ∩ W . In G = A/L ∗W B/M , we shall show that
w1 G w2. Suppose w1 = hα ∼G h−α = w2. Then there exist vi ∈ W such that, as in Case 1, we have
w1 = hα ∼B v1 ∼A v2 ∼B · · · ∼A vt ∼B h−α = w2. (4.1)
Since A is abelian, vi ∼A vi+1 implies vi = vi+1. Hence, from (4.1), w1 = hα ∼B h−α = w2, contradict-
ing the choice of M . Hence w1 G w2.
(2) i = 0. We may assume i > 0. Clearly α = β .
(i) A is abelian. Since w1 B w2, there exists M  f B such that Mw1 B/M Mw2. Let L = M ∩ W
and G = A/L ∗W B/M as in (ii) above. Then w1 G w2 as before.
(ii) A is not abelian. Thus A = 〈c,h: c−1hc = h−1〉. Since w1 A w2, α = −β . Hence |α| = |β|.
Chose l > |Tα ± Tβ| = 0, where T is the integer mentioned before Lemma 4.2. By Lemma 4.3, there
exists M1 f B such that M1 ∩〈h〉 = 〈hl〉 and, in B/M1, if M1kiT he1 ∼B/M1 M1kiT he2 for integers e1, e2,
then M1he1 = M1he2 . Let M1 ∩ 〈k〉 = 〈km〉.
Considering n = 1, ε = m in Lemma 4.2, there exist an integer R and M2  f B such that M2 ∩
〈h〉 = 〈h〉, M2 ∩ 〈k〉 = 〈kmiT R〉 and, in B/M2, if M2kiT ∼B/M2 M2k jT for an integer j, then M2kiT =
M2k jT . Let M = M1 ∩ M2. Then M ∩ W = 〈kmiRT 〉 × 〈hl〉 by Lemma 2.6. Let L = M ∩ W . Then, by
Remark 4.1(1), L f A and, in G = A/L ∗W B/M , 〈h〉∩ 〈k〉 = 1. We shall show that w1 G w2. Suppose
w1 ∼G w2. Then there exist εp , δp such that
w1 = kihα ∼A kε1hδ1 ∼B kε2hδ2 ∼A · · · ∼A kεt hδt ∼B kihβ = w2. (4.2)
Since kiT hαT ∼A kε1T hδ1T , by Remark 4.1(2), we have kiT = kε1T and hαT = h±δ1T .
Now, from (4.2), consider kε1hδ1 ∼B kε2hδ2 . We have kε1T hδ1T = kiT hδ1T ∼B kε2T hδ2T . This im-
plies kiT = kε2T by the choice of M2. Moreover, by the choice of M1, we have hδ2T = hδ1T = h±αT .
Inductively, we have kiT = kεp T and hδp T = h±αT for all 1  p  t . Hence, from (4.2), we have
kiT h±αT ∼B kiT hβT . Then, as before, h±αT = hβT . Thus l | (β ± α)T which contradicts the choice of l.
Therefore, w1 G w2. 
Lemma 4.5. For each f ∈ B\W and each integer ε > 0, there exists N  f G such that N ∩ 〈h〉 = 〈h〉 ∩
N〈k〉〈 f −1kf 〉 = 〈hε〉.
Proof. We show that hi /∈ 〈hε〉〈k〉〈 f −1kf 〉 for all 0 < i < ε. Suppose, for 0 < i < ε, hi = hελkc f −1kd f
for some integers λ, c, d. Clearly d = 0 (recall that 〈h〉 ∩ 〈k〉 = 1) and f −1kd f = k−c in B = B/〈h〉.
By Remark 4.1(3), d = −c. Hence f −1kd f = kdhi−ελ , where d = 0. Since k is cyclically reduced of
length  2 in B , by Theorem 2.1, kdhi−ελ ∼〈h〉 (kd)∗ , where (kd)∗ is a cyclic permutation of kd . Thus
h−μkdhi−ελhμ = (kd)∗ . Since h commutes with k, we have kdhi−ελ = (kd)∗ . This implies kdhi−ελ = kd .
Thus hi−ελ = 1, that is i = ελ. Hence if 0 < i < ε, then hi /∈ 〈hε〉〈k〉〈 f −1kf 〉. By Theorem 2.2, there
exists N1  f B such that hi /∈ N1〈hε〉〈k〉〈 f −1kf 〉 for all 0 < i < ε. Let N = N1〈hε〉. Then N ∩ 〈h〉 = 〈hε〉
and 〈h〉 ∩ N〈k〉〈 f −1kf 〉 = 〈hε〉. 
Lemma 4.6. Let x ∈ G = A ∗W B be cyclically reduced with ‖x‖ > 1. If xhα W x, then there exist L f A and
M f B such that L∩W = M∩W , in G = A ∗W B, ‖x‖ = ‖x‖ and xhα W x, where A = A/L and B = B/M.
Proof. We shall only consider the case x = cf1 · · · cfn , where c = cs and f i ∈ B\W , since the other
case x = f1c · · · fnc is similar. We have two cases, x−1hx = h or x−1hx = h−1.
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Since xhα W x, α must be an odd integer. Thus hα /∈ 〈h2〉. Since G is S-separable for all ﬁnitely
generated subgroups S (Theorem 2.2), there exists N1  f G such that c /∈ N1W , f i /∈ N1W for all
i = 1,2, . . . ,n and hα /∈ N1〈h2〉. Let N1∩〈h〉 = 〈hδ〉. Then δ is even. By Lemma 4.5, there exists N2 f G
such that N2 ∩ 〈h〉 = 〈hδ〉 and 〈h〉 ∩ N2〈k〉〈 f −1i kf i〉 = 〈hδ〉 for all 1  i  n. Let L = N1 ∩ N2 ∩ A and
M = N1∩N2∩ B . In G = A∗W B , where A = A/L and B = B/M , we have ‖x‖ = ‖x‖, hα /∈ 〈h2〉 and 〈h〉∩
〈k〉〈 f −1i k f i〉 = 〈hδ〉 = 1 for all 1 i  n. It follows that 〈h〉 ∩ 〈k〉 = 1. We shall show that xhα W x.
Suppose xhα ∼W x. Then xhα = k−λh−μxkλhμ for some λ, μ. Then, for some integers δi , εi , λi , μi ,
we have
c = k−λh−μckδ1hε1 ,
f 1 = k−δ1h−ε1 f 1kλ1hμ1 ,
c = k−λ1h−μ1ckδ2hε2 ,
...
c = k−λn−1h−μn−1ckδnhεn ,
f nh
α = k−δnh−εn f nkλhμ.
Thus
c−1kλc = hε1±μkδ1 ,
f −11 k
δ1 f 1 = hμ1±ε1kλ1 ,
c−1kλ1c = hε2±μ1kδ2 ,
...
c−1kλn−1c = hεn±μn−1kδn ,
f −1n kδn f n = hμ±εn−αkλ.
Since k = c−2 and 〈h〉 ∩ 〈k〉 = 1, the ﬁrst equation above implies kλ = kδ1 and hε1±μ = 1. Similarly,
1 = hε2±μ1 = · · · = hεn±μn−1 . Since 〈h〉 ∩ 〈k〉〈 f −1i k f i〉 = 1 for all 1  i  n, from the above equations,
we have 1 = hμ1±ε1 = hμ2±ε2 = · · · = hμ±εn−α . Thus we have
hε1±μ · hμ1±ε1 · hε2±μ1 · · ·hμ±εn−α = 1.
It follows that hα ∈ 〈h2〉 which contradicts the choice of N1. Hence xhα W x.
Case 2. Suppose x−1hx = h. We shall show that xhα /∈ 〈k〉x〈k〉. If not, xhα = kcxkd (clearly c = 0),
then x−1kcx = hαk−d . By Remark 4.1(4), we have c = −d. Hence xhα = kcxkd = kcxk−c ∼W x. Therefore
xhα /∈ 〈k〉x〈k〉. By Theorem 2.2, there exists N f G such that c /∈ NW , f i /∈ NW and xhα /∈ N〈k〉x〈k〉. Let
L = N ∩ A and M = N ∩ B and let G = A ∗W B , where A = A/L and B = B/M . Then we have ‖x‖ = ‖x‖
and xhα /∈ 〈k〉x〈k〉. Since x−1hx = h, this implies that xhα W x. This completes the proof. 
Lemma 4.7. Let x ∈ G = A ∗W B be cyclically reduced with ‖x‖ > 1. If β = 0, then y = xkβhα W x and
there exist L  f A and M  f B such that L ∩ W = M ∩ W and, in G = A ∗W B, we have ‖x‖ = ‖x‖ and
xkβhα W x, where A = A/L and B = B/M.
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is similar. Let G˜ = A/〈h〉 ∗〈k˜〉 B/〈h〉. Then A˜ = A/〈h〉 is cyclic and 〈k˜〉 is maximal in B˜ = B/〈h〉.
First we shall show that y = xkβhα W x if β = 0. Suppose y = xkβhα ∼W x. Then y˜ ∼〈k˜〉 x˜. Hence
y˜ = x˜k˜β = k˜−λ1 x˜k˜λ1 for some λ1. Thus x˜−1k˜λ1 x˜ = k˜λ1−β . By Theorem 2.1, there exist v˜ i ∈ 〈k˜〉 such that
k˜λ1 ∼ A˜ v˜1 ∼B˜ v˜2 ∼ A˜ · · · ∼B˜ v˜r = k˜λ1−β .
Since A˜ is cyclic, by Remark 4.1(3), λ1 = λ1 − β . Thus β = 0. Hence, if β = 0, then y˜ = x˜k˜β 〈k˜〉 x˜. This
also shows that if β = 0 then y = xkβhα W x.
Now A˜ is inﬁnite cyclic and B˜ is free-by-ﬁnite. By Theorem 2.3, there exist L˜  f A˜ and M˜  f B˜
such that L˜ ∩ 〈k˜〉 = M˜ ∩ 〈k˜〉 and, in Gˆ = A˜/L˜ ∗〈kˆ〉 B˜/M˜ , we have ‖xˆ‖ = ‖x‖ = ‖y‖ = ‖ yˆ‖ and yˆ 〈kˆ〉 xˆ.
Let L, M be preimages of L˜, M˜ in G , respectively. Then L∩W = M ∩W and, in G = A ∗W B , ‖x‖ = ‖x‖
and xkβhα W x, where A = A/L and B = B/M . 
5. Main result
Since G2(0, r) = G1(0, r), we refer the reader to [2] for consideration of the group G2(s, r) where
s = 0.
Theorem 5.1. All Seifert groups over non-orientable surfaces are conjugacy separable.
Proof. In previous sections, the groups of type (I), (II), and (III) were introduced as generalized free
products of the form A ∗W B . By Theorem 3.1, the groups of type (II) and (III) are conjugacy separable.
We apply Theorem 2.5 for the group of type (I). Since A and B are either polycyclic or a generalized
free product of polycyclic groups amalgamating a cycle, A and B are conjugacy separable ([11] or see
Lemma 4.1 in [2]).
The condition C1 holds as in Lemma 4.12 in [2].
The condition C2 holds by Lemmas 4.4.
Since W is a normal subgroup of index 2 in A, A is W -conjugacy separable. Note that the group B
here is identical to B in [2] except the notation. As in Lemma 4.14 in [2], the group B is W -conjugacy
separable. Thus C3 holds.
Clearly C4 holds by Theorem 2.2.
The condition C5 holds by Lemmas 4.6 and 4.7.
Hence, by Theorem 2.5, the groups of type (I) are all conjugacy separable. The missing cases are
G2(1,1) and G2(1,0). Clearly G2(1,0) is polycyclic. The group
G2(1,1) =
〈
c,q,h: hc = h±1, hq = h, qα = hβ, qc2 = hγ 〉
= 〈c,h: hc = h±1, (hγ c−2)α = hβ 〉
is also polycyclic. Hence G2(1,1) and G2(1,0) are conjugacy separable [3]. Thus all Seifert groups
over non-orientable surfaces G2(s, r) are conjugacy separable. 
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